" r MORIAH \.
\ouﬂ'\ M COLL EC'{:"

Moriah College
MATHEMATICS DEPARTMENT

Mathematics

Year 12

Extension 2 Pre-Trial 2009

Examiners: E Apfelbaum, G Wagner

General Instructions

e Reading time — 5 minutes
e  Working time — 3 hours
e Write using blue or black pen

e Board-approved calculators may be
used

e A table of standard integrals is
provided.

e All necessary working should be
shown in every question

STUDENT NUMBER:

Total marks (120)

Attempt Questions 1-8

All questions are of equal value

Use a SEPARATE booklet
for each question



Question 1

a) !
Find JL
x* +4x+13
s
b)
Find f 2dx
x° —4x
c)
3
Use integration by parts to find the value of [x’ logxdx
1
d)

Find j sinxdx
1+cos2x

e) Using a suitable substitution, find

J dx
x*9 — x?
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Question 2

) Find all values of xand y such that (x+iy) = 4i

b)  Let w=-2+23i
i)  Find |w|
ii)  Show that w’ = 4w
iii) Prove that w is a root of the equation z° —64=0.

iv)  Find all roots of the equation z° —64=0.

C) Draw neat sketches showing the main features of the following locii of z.
-7 T
1 —<arg(z—-2)<—
) 3 gz=2) <=3

i) |z-2-2i<2

d) 1)  For z satisfying |z -2 2i| <2, find the greatest value
of arg(z).

i1)  For z satistying |z -2- 2i| <2, find the greatest value
of mod(z)
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Question 3

a) 2

Consider the ellipse XT +y° =1.

1) Find the eccentricity, e, of this ellipse
1) Find the coordinates of the foci of the ellipse.
111) Use implicit differentiation to show that the derivative
. o dy -
of the equation of the ellipse is given by g_—*
dx 4y
1v) Show that the gradient of the tangent at the endpoint of the

latus rectum in the first quadrant is —e.

b) e .
) Find @ 2’)(2,*/3“) in the form a+ib .
i
1) Express 2 —2i in mod-arg form
111) Express (2 — 21)(2_. 3+ l) in mod-arg form
i

1v) Hence find the exact value of sinl5°

c) Let P(x): 2x° +3x +8x -5
1)  Write down the only possible rational roots of the equation P(x) =0

i1) Hence solve completely, the equation P(x) =0.
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Question 4
Y ; d 2
Use the substitution # = tan > to show that J x = V4
2 2—sinx 3\/5
0
b)

P(cp,ﬁ) lies on the rectangular hyperbola xy = c?.
P

i) Show that the equation of the normal at Pis p’x—py—cp* +c=0

i1) Hence, find the coordinates of the other point O, where this normal
cuts the hyperbola.

¢) A complex number z moves in the Argand plane so that Re(z)=2|z—3|

1) Explain why the locus defined by the above equation is an ellipse
with one focus at (3,0).

1) Find the centre of the ellipse and the length of its major axis.

d) Solve x*+x’—3x*—-5x-2=0 given that it has a root of multiplicity 3

3
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Question 5

a)
1
The graph of f(x)= ——— is sketched below.
graph of /{x)=—3 v

Draw neat sketches showing the main features of:

i) ___
d (4-x)(x+4)
TR ——
(x—4)(x+4)
i) y=— >
4 (x—4)(x+4)
. 4 1
v) y=tan | ———
(x—4)(x+4)
b) 1) Show that the equation x* —6x”> +9x—5=0 has only one real
root, a
1) Determine the two consecutive integers between which o lies.

i1) Express the modulus of each of the complex roots in terms of « .

v) Deduce that the value of this modulus lies between 1 and 75
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Question 6

a)  Find all the solutions of the equation tan3x = cot2x

»
»

The diagram shows the square ABCD in the complex plane.
A represents the complex number i and B represents the complex number z.

b)
i)
i)
c) 1)
i)
iii)
1v)

Find the complex number represented by the vector 4p .

Hence, or otherwise, find the complex number represented by the

point C.

Show that the graph of y = e* sinx crosses the x-axis when
x =k (kis an integer).

Draw a sketch of y =" sinx in the domain0 < x <2r.
km
Let [ = J e” sinxdx where k is an integer.
(k=1)z
(_l)kflekir (eiz' +1)

T

e

Show that 27 =

Find the area bounded by y = e” sinx, the x-axis and the lines
x=0and x=27
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Question 7
a) 1)
1)
iii)
b)
i)
i)

iii)

Show that the equation of the tangent to the hyperbola
2 2

2—2 - Z—z =1 (a>b>0) at the point P(asecd,btan @) is:

bxsecl —aytan 6 = ab

2 2
If this tangent passes through a focus of the ellipse x_2 + Z—z =1,
a

show it must be parallelto y =xory =—x.

Show also that its point of contact with the hyperbola

lies on a directrix of the ellipse.

% n
If I, = [x" cosxdx, show that /, = (%j -n(n=DI,,

0

Hence find the value of 7,

Find the value of I,
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Question 8

a) i) If w is a complex cube root of unity, show that 1+w+w’* =0
i) Find the cubic equation whose roots are 1,1+ w,1+w’.

b)

The graph of the function f(x)= > is shown below.

1+x

i) Sketch the curve y =| f(x)|

1) Find the acute angle between the two branches of the curve
y= | f (x) , where they meet at the origin.

THIS QUESTION CONTINUES ON THE FOLLOWING PAGE
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The graph of the function f (x) = " 2x
+

10

> is again shown below.
x

In this diagram a rectangle ABCD has been drawn. The inscribed rectangle
has its base CD lying on the x-axis and its height given by the function.

iii)

Show that f(x)= 1 (lJ
x

The area below the curve and above the x-axis, in the first quadrant,
is unlimited. Show that this is true by considering the definite

dx.

integral T

ol+x?

Let C be the variable point (x,0). Using part 1) or otherwise, find an
expression for the area of the inscribed rectangle ABCD in terms of x.

Hence, find the limit of the area of the inscribed rectangle
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SOLUTIONS EXTENSION 2 PRE TRIAL - 2009

Question one

1 1
dx dx
a) 2 = 2
X" +4x+13 (x+2)"+9
-5

-5

=|:1 tan_l x+2:‘
3 3 |

= %[tan_l 1—tan'—

T

l|l=—

=

2 A B

b) Let = +—

x(x—4) x-4 «x
Ax+B(x—-4)=2

¥ =0= B=—t x=4=4=1
2 2

So, integral becomes

lf 1 _ldx:llnx_4+c
2) x-4 x 2 X
3
c) [x* logxdx
1
' 3 X4
u=x :>u=7
1
V:logx:>v=;
4 N
\ x logx 3
So, [x’ logxdx= 5 _Jx—dx
! 4 4
| 1
4 3
_81ln3 X :8lln3_5
“ol1e | 4
1
d) =
. -1
jsmxfx 1 Isinxcos‘2 xdx=—lm=lsecx+c
2cos”x 2 2 -l

e) Let x = 3siné, % =3cosf . Integral becomes;

3cos0do = a0 _ lJ.coseczl9ah9
9sin’ 649 —-9cos’ 9sin*@ 9
—cotd —+9-x?
- = + C 2
9 Ox
x
_

9—x?

Question two

a) x> —y* +2ixy=4i
=>x -y =0&xy=2
.‘.x:ix/z,y:i\/z

b)i) |w| =4

ii) LHS = w* = -8 —8/3i

RHS = 4w=4(-2-2+/3i) = -8 —8/3i
- LHS

2
111) argw=T.

So w=4cis(2?7[) and W’ =64cis(27)= 64.

1v) Since coefficients are real, roots are
w,w, and 4, i.e. —2+2/3i,4.

c) i)

v

v

©)

1) Max value arg z = %

i1) greatest value of |z| =22 +2




Question three

a)
2
i) e’ =1——2=1—l:>e=£
a 4 2
ii) Focii are (+ae,0) = (£4/3,0)
2
iii) XT +y* =1 - differentiate both sides:

2+2yQ:0
dx
dy _—x_ dy_-—x

4 dx 2 dx 4 y
1v) Find end point of the latus rectum,;

3 1
¥ YN T2

dy_—x_ -3 -3 _

'dx_4y_4xl 2

b)i)
_-2342i+2i3+2 2

2 2i
:2(1—\/§)+2i(1+\/§)le.

—4
:—(1+\/§)+i(1—\/§):\/§

-1
. ) . -
) 2—-2i= Zﬁczs(T)

+1+i(3-1)

22 (_f)zcis(S”)

iii) = 6 _ 2\/Ecis(%)

2cis(§)
iv) Im(~/3 +1+i(~3 =1))=2+/2sin15°

v3-1
2.2

c.sinls’ =

¢) i)the only possible rational roots are:

i—l,ié,il,iS
)

. 1.
i) P(E) =0
So, P(x)=(2x—1)(x* +2x+5)

And the roots are %,— 1+2i




Question four

a) Let { = tan >
2

When x =0, t=0;x=%,t=1

4l l(tan2 Tip= l(t2 +1)=
dx 2 2 2 2 2
dx = 22dt
" +1
. 2t :
sinx = >, So intergral becomes:

1

_J dt
- 2
(+)@-ty o1t
0 1+1¢

Complete the square; integral becomes:
1

2dt

dt 12t 1)
=(=tan" ~ =")
O(f—E) +Z \/g \/7
_2E_DE_2m
"6 6 303

b)
i) y=c’x" :y':—c X~

At P, m tangent is —-, m normal is p?.

Equation of normal:
c

(y-=)=p*(x-cp)
P

py—c=p’(x—cp)

py—c=px—cp’

p’x—py—cp*+c=0.

i) Let O be (cq,<), mOP = p*.
q

-1

mQP = —:p2:>q:_—31.SoQis:
Pq P

—C
(— ).
p

Question four
¢)i) |z —3|- distance of z from (3,0)

= % its distance from the y axis.
= ellipse with focus (3,0) and directrix the
y axis.
ii)

It follows from i) that the ellipse has
centre (4,0), major axis has length 4 units.
d) If multiple root is «,

P(a) = P'(a) = P"(a) = 0.
So, 12x% + 6x —6 = 0 has solution « .
Y
2

=roots are -1,-1,-1, and 2.




Question five

a) 1)

iii)

b)i) Consider the graph of the
function,
f(x)=x>—6x>+9x-5=0.

Find the turning points. They are:
(1,-1) (max) and (3,-5) (min). Since
they are both below the x axis, the
graph of

vy =f(x) only crosses the x axis once,
and hence the equation only has one
real root, « .

i) f[4)=-1<0and f{5)=15>0, so
4<a<s.

111) Let the complex roots be z& z .
Product of the roots:

oazz =5

a|z|2 =5




Question six a) tan3x =cot2x

tan3x = tan(% -2x)

3x:k7r+£—2x
2
5x:k7z+z
2
T LT T k41 (cos3x £ 0)
5 10 10
. Ezz—i
b))

=>AD =i(z—i)=1+iz
i1) Let this number be u.
u—i=z—itl+izou=l+z+iz
¢)i) x=km,y=e"" sinkr=e"" x0=0.

kzx
i) [ = f e sinxdx - integrate by parts.
(k-)rz

u=e',u'=e" &v'=sinx, v=—cosx
kx
1= [— e’ cosx]+ |e* cosxdx,Use parts again:
(k-Dz

u=e' u'=e*
V'=cosx v=sinx
. k” .
1= [— e’ cosx]+ [ex s1nx]— Ie" sinxdx
(k-
1= [— e’ cosx]+ [e" sinx]—] .........
. km
2] = [ex (sinx — cosx)]
(k-l)z
e" (sinkzr —coskr)—e* V* (sin(k — 1)z — cos(k —

=" (—cos(kr) +e* ™" cos(k —1)7)

k even: =

e (=) +e" V(=) =e* V7 (=1)(e” +1)
kodd: =

(-D)*"e" (e” +1)

ya

e

e V(e +1) =21 =

Question six (cont’d)

Jex sinxdx+

Area= "

_ e"(e” +1) N e (e” +1) _ (e” +1)° *
2e” 2e” 2

2z
| " sin xd%

/4

Question seven

i) Find dy (implicitly):
dx

2x 2ydy _ dy _b’x _b’asecd _ bsecl ot P
a’® b* dx dx a’y a’btan6 atanf
.. Equation tangent is:
y—btan 8 = bseco (x—asech)

atan

atan @y —abtan’ @ = bsecbx — absec’ 6
bsec@x —atan @y = ab(sec’ @ —tan’ 0) = ab

2 72
@b ,OJ:(i\/az—bz,O)lies

a2
on the above tangent. So, substituting:

+bsecOa’ —b* =ab

i1) Focus of the ellipse: (a

+

va® -b?
tan @ =L b a

va® - b?
.. gradient of the tangent is;

] [

bsecd +ab ba

= . e
atan® g2 _p> \a® —p>

=+1
And the result follows.

ii1) Point of contact with the hyperbola is:

2
a

(asec@,btan 9):((ﬁ,btan0)
a’ —
~(as YT )
1)) a ¢
= )

.. lies on a directrix of the ellipse.




Question seven (cont’d) Question eight (cont’d)
1) Using parts: 2 _2x2

u=x",u'=nx"";v'= cosx,v = sinx bii) f*(x) = (1+x°)
x5 2-2 | 4
I n—1 _: 'O=2=tanf=|—|=—=60=53%
I, —[x sme-an sinxdx AC) 1+2x_2‘ 3
_| ’ T n—1 . . 1 o x2
“l5) - nx"" sinxdx — use parts: o)) f(—)= x1 x
0 X X
I+—
u=x""u'=(mn-1)x"7;y'=sinx,y = —cosx , so x2
T 2x
" d 2 = =/)
I, = (Ej -n [— X" cosx]g +(n—-1)[x"* cosxdx 1+x°
2 0 ii)
Y j 2 e =i+ 2] = In(1+ a®) - coas a < oo
= 5 _n(O)_n(n_l)]n—Z 1+x2
0
A ired.
s require ) (ifi) D= (l, 0)
I —(fj 121 )
4= 2 2
2 1. 2x 2(x" -1
i Area (0= (v~ D)) = 2D
AN RN x 1+x I+x
=[— -12 —] +12x 21,
2 2

% )V e v) As x = 0, A(x) —> 2
I, =[cossxdx=1..1, =(—) —12(—j +24
0 2 2

3 3
iii) 7, = [%j —61, = (gj -6

Use parts: © = x,u'=1;v'= cosx,v =sinx

xcosxdx

o= |y

z
Va 2 7Z'
[xsinx]? — fsinxdx =—-1
0

2
T ’ 3
A :(—j -6—+6
2 2

Question eight

a)i)W3 =l=>w-1=0=>W-DW +w+1)=0
wxL . w+w+1=0

ii) Sum of roots: 2+ w* +w+1=2

In pairs

=l+wHl+w +l+w+w +w =1+w’ =2

Product of roots; = ((1+w)(1+w*) =1

.. Equation is:

X -2x*+2x-1=0

b)




